Mean-field theory and scaling arguments are presented to model polyelectrolyte adsorption from semidilute solutions onto charged surfaces. Using numerical solutions of the mean-field equations, we show that adsorption exists only for highly charged polyelectrolytes in low salt solutions. Simple scaling laws for the width of the adsorbed layer and the amount of adsorbed polyelectrolyte are obtained. In other situations the polyelectrolyte chains will deplete from the surface. For fixed surface potential conditions, the salt concentration at the adsorption-depletion crossover scales as the product of the charged fraction of the polyelectrolyte f and the surface potential, while for a fixed surface charge density, , it scales as 2/3 f 2/3
I. INTRODUCTION
The phenomenon of adsorption of charged polymer chains ͑polyelectrolytes͒ to surfaces has generated a great deal of interest due to its numerous industrial applications and relevance to biological systems. The theoretical treatment is not yet well established because of the multitude of length scales involved, arising from different interactions: electrostatic interactions between monomers and counterions, excluded volume interactions and entropic considerations. Furthermore, when salt is added to the solution, the interplay between polyelectrolytes ͑PEs͒ and salt ions as well as the ion entropy has to be taken into account.
The adsorption of PE chains onto charged surfaces has been addressed theoretically in several models in the past. They include among others: solutions of linearized meanfield equations, [1] [2] [3] [4] [5] [6] [7] numerical solutions of full mean-field equations, [8] [9] [10] various scaling theories for single-chain adsorption, 11, 12 and formulation of a phenomenological criterion describing the adsorption-depletion transition from charged surfaces. [13] [14] [15] Other approaches employed multiStern layer models, 16 -18 where a discrete lattice is used and each lattice site can be occupied by either a monomer, a solvent molecule or a small ion. The electrostatic potential can then be calculated self-consistently together with the concentrations of the monomers and counterions.
In this article we re-examine the mean-field equations describing the PE adsorption and their numerical solutions, with specific emphasis on the adsorption-depletion transition. The present paper can be regarded as an extension of Ref. 8 . It agrees with the previously obtained low-salt adsorption regime but proposes a different interpretation of the high-salt regime. We find that the high-salt adsorption regime of Ref. 8 is pre-empted by an adsorption-depletion transition, in analogy with single-chain results. The mean-field equations and their numerical solutions are formulated in Sec. II, some simple scaling relationships in Sec. III, and the adsorption-depletion transition in Sec. IV. A general discussion and comparison with other models are presented in Sec. V.
II. THE MEAN FIELD EQUATIONS AND THEIR NUMERICAL SOLUTION
Consider an aqueous solution of infinitely long PEs, together with their counterions and an added amount of salt. Throughout this paper we assume that both the salt ions and counterions are monovalent. Let (r)ϭͱc(r) be the square root of c(r), the local monomer concentration, a the monomer size, and f the charge fraction on each PE chain. Also let b ϭͱc b be the square root of the bulk monomer concentration c b , and ͑r͒ the electrostatic potential. The mean-field free energy can be obtained either from phenomenological or field theoretical approaches,
While the full details can be found in Refs. 8 -10, here we just briefly explain each of the terms. The first term of f pol accounts for chain elasticity, the second describes the ex- The solution of Eqs. ͑9͒ and ͑10͒ requires four boundary conditions. Two of them are the boundary values in the bulk, x→ϱ: (x→ϱ)ϭ1 and y(x→ϱ)ϭ0, while the other two are the boundary conditions on the xϭ0 surface. In this article we use either constant surface charge density ͑Neumann boundary conditions͒ or constant surface potential ͑Dirichlet boundary conditions͒. For the former, dy/dx͉ xϭ0 ϭϪ4e/k B TϭϪ4(/e)l B , where is the surface charge density. For the latter, the surface potential is held fixed with a value: y(0)ϭy s . The other boundary condition for the polymer concentration is taken as a nonadsorbing surface; namely, (0)ϭ0. Note that far from the surface, x→ϱ, Eqs. ͑9͒ and ͑10͒ already satisfy the boundary condition: yϭ0 and ϭ b ͑or ϭ1).
Equations ͑9͒ and ͑10͒ are two coupled nonlinear differential equations that do not have a known analytical solution. The numerical solutions of these equations for low salt conditions were presented in Ref. 8 and are reproduced here in Figs. 1 and 2, using a different numerical scheme. The numerical results have been obtained using the relaxation method 19 based on a linearization procedure done on a discrete one-dimensional grid. Then, the equations are transformed to a set of algebraic equations for each grid point. The sum of the absolute difference between RHS and LHS over all grid points is minimized iteratively until convergence of the numerical procedure is achieved.
In calculating the numerical profiles of Figs. 1 and 2 we assume positively charged polymers and a constant negative surface potential. In Fig From the numerical profiles of the electrostatic potential and monomer concentration it can be clearly seen that there is a distinct peak in both profiles. Although they do not occur exactly at the same distance from the surface, the corresponding peaks in Figs. 1 and 2 vary in a similar fashion with system parameters. The peak in the concentration ͑Fig. 2͒ marks a PE accumulation at the surface and is regarded as a signature of adsorption. The peak in the potential ͑Fig. 1͒ marks an overcompensation of surface charges. At the peak of (x), the electric field vanishes, EϭϪd/dxϭ0, meaning that the integrated charge density from the surface up to this distance exactly balances the surface charge.
III. SCALING ESTIMATE OF THE ADSORPTION LAYER: COUNTERION ONLY CASE
So far, numerical solutions within mean-field theory, Eqs. ͑9͒ and ͑10͒, have been described. We proceed by presenting simplified scaling arguments, which are in agreement with the numerical mean-field results. Note that the treatment here does not capture any correlation effect which goes beyond mean-field. The concept of polymer ''blobs'' can be useful in order to describe PE adsorption, where such polymer blobs can be regarded as macro-ions adsorbing on a charge surface. The blob size is determined by taking into account the polymer connectivity and entropy as well as the interaction with the charged surface. A single layer of adsorbing blobs is assumed instead of the full continuous PE profile as obtained from the mean-field equations. Therefore, the blob size characterizes the adsorption layer thickness.
A. Fixed surface charge density
The two largest contributions to the PE adsorption free energy are the electrostatic attraction with the surface and the chain entropy loss due to blob formation.
For simplicity, the electrostatic attraction of the monomers with the surface is assumed to be larger than the monomer excluded volume and monomer-monomer electrostatic repulsion. With this assumption the chain has a Gaussian behavior inside each surface blob, Dϳag
, where g is the number of monomers in a blob of size D, as is shown schematically in Fig. 3 . The entropy loss of the chain balances the surface-monomer attraction. As a result the blob attraction with the surface is of order k B T. It is now easy to get an estimate of the blob size D,
͑a͒ Numerical profiles of the rescaled electrostatic potential yϭ␤e as function of the distance from the surface x using Eqs. ͑9͒ and ͑10͒, and constant surface potential. The solid line is for aϭ5 Å, f ϭ1, y s ϭϪ1.0, the dotted line for aϭ5 Å, f ϭ1, y s ϭϪ0.5, the dashed line is for aϭ10 Å, f ϭ1, y s ϭϪ0.5, and the dashed-dotted line for aϭ5 Å, f ϭ0.1, y s ϭϪ0.5. All profiles have c salt ϭ0. using a rescaled surface density ϵ͉/e͉. These results are in agreement with those describing the statistics of singlechain adsorption. 6, 11 The assumption that the electrostatic attraction to the surface is larger than the monomer-monomer electrostatic repulsion and excluded volume can now be checked selfconsistently, yielding two conditions: ӷ f a Ϫ2 and f ӷv 3 /(a 10 l B ). The average monomer concentration ͑per unit volume͒ in the adsorption layer c m , is the blob concentration in the adsorption layer n 0 , times the number of monomers per blob g, yielding c m ϭn 0 g. It is now possible to get an estimate of the blob concentration per unit volume in the adsorption layer, n 0 , by assuming that the adsorbed layer neutralizes the surface charges up to a numerical prefactor of order unity. 20 Hence, n 0 Ӎ /D f g. This assumption, which is in agreement with our numerical solutions, leads to
is just the Graham equation 21 relating the surface charge density with the counterion density at the surface vicinity. The only difference is that the counterions are replaced by the charged polymer blobs. Furthermore, Eq. ͑15͒ is in accord with the results of Ref. 14.
The total amount of PEs in the adsorption layer is ⌫Ӎc m Dϭ / f . In other words, the overall polymer charge in the adsorption layer ͑up to a numerical prefactor͒ is f ⌫Ӎ . This is just another way to phrase the charge neutralization by the PEs mentioned above.
B. Fixed surface potential
Using the boundary condition of a fixed surface potential ϭ s , the scaling laws for D and g can be obtained in a similar fashion as was done in Sec. III A. Alternatively, one can ͑in the absence of salt͒ relate the surface potential to the surface charge density by s ӍD/.
The adsorption energy of a blob of charge g f e onto a surface held at potential s is just g f e s . Requiring that this energy is of order of k B T we obtain in analogy to Eqs. ͑11͒-͑13͒,
Together with the neutralization condition n 0 Ӎ /(D f g) it yields The overall charge of the polymer in the adsorbed layer is then
which again verifies that the adsorbed amount scales like the surface charge.
The numerical results of the mean-field equations for constant surface potential y s condition and in the low salt regime (c salt ϭ0.1 mM) are consistent with this scaling picture, as can be seen in Figs. 1 and 2 . In Fig. 1͑b͒ the rescaled potential y/͉y s ͉ is plotted in terms of a rescaled distance: x/D, with D taken from Eq. ͑17͒. In Fig. 2͑b͒ the concentration profile is rescaled by c m , Eq. ͑20͒, and plotted in terms of the same rescaled distance x/D. The figures clearly show a data collapse of the two profiles, indicating that the characteristic adsorption length D is indeed given by the scaling predictions. Note that the agreement with the scaling argument occurs as long as the system stays in the low salt limit. The other limit of high salt is discussed next.
IV. THE ADSORPTION-DEPLETION TRANSITION IN PRESENCE OF ADDED SALT
The same numerical procedure outlined in Sec. II, is used to find when the chains stop adsorbing and instead will deplete from the surface. This is not a sharp transition but rather a crossover which is seen by calculating numerically the PE surface excess, as depicted in Fig. 4 . The profiles were obtained by solving numerically the differential equations for several values of f near the adsorption-depletion transition using a fixed surface potential boundary condition. For salt concentration of about c salt * Ӎ0.
The dependence of ⌫ϭ͐ 0 ϱ dx( 2 Ϫ b 2 ) on c salt and f for the constant surface potential is presented in Fig. 5 . The place where ⌫ϭ0 indicates an adsorption-depletion transition, separating positive ⌫ in the adsorption regime from negative ones in the depletion regime. In Fig. 5͑a͒ the dependence of ⌫ on f is shown for several salt concentrations ranging from low-to high-salt conditions. For low enough f , ⌫Ͻ0 indicates depletion. As f increases, a crossover to the adsorption region, ⌫Ͼ0, is seen. In the adsorption region, a peak in ⌫( f ) signals the maximum adsorption amount at constant c salt . As f increases further, beyond the peak, ⌫ decreases as 1/ͱf . Looking at the variation of ⌫ with salt, as c salt increases, the peak in ⌫( f ) decreases and shifts to higher values of f . For a very large amount of salt, e.g., c salt ϭ0.5 M, the peak occurs in the limit f →1. In Fig. 5͑b͒ , we plot ⌫(c salt ) for several f values. The adsorption regime crosses over to depletion quite sharply as c salt increases, signaling the adsorption-depletion transition. The salt concentration at the transition, c salt * , increases with the charge fraction f . The dependence of ⌫ on c salt and f for constant surface charge density is plotted in Fig. 6 . Both salt and f dependencies show a similar behavior to those shown in Fig.  5 for constant surface potential.
The numerical phase diagrams supporting the adsorption-depletion transition are presented in Fig. 7 for constant surface charge conditions. The phase diagrams were obtained by solving numerically the mean-field equations. We scanned the ( f ,c salt ) parameter plane for 50 values of f between 0.01Ͻ f Ͻ1 ͓Fig. 7͑a͔͒ and the ( ,c salt ) plane for 50 values of ϭ͉/e͉ between 10
͓Fig. 7͑b͔͒. From the log-log plots it can be seen that the adsorption-depletion transition is described extremely well by a line of slope 2/3 in both Figs. 7͑a͒ and 7͑b͒. Namely, at the transition c salt * ϳ f 2/3 for fixed and c salt * ϳ 2/3 for fixed f . Ϫ6 Å Ϫ3 , aϭ5 Å, Tϭ300 K, and ϭ80.
To complete the picture, the adsorption-depletion transition is also presented in Fig. 8 ⌫ is almost independent of c salt for low salt concentrations in the adsorption region. It is then followed by a steep descent into a depletion region at a threshold value. Other parameters used are: /eϭϪ10
, aϭ5 Å, Tϭ300 K, and ϭ80.
FIG. 7.
Numerically calculated adsorption-depletion crossover diagram for constant surface charge condition. In ͑a͒ the ( f ,c salt ) parameter plane is shown on a log-log scale while ϭ͉/e͉ is held constant at ϭ10 Ϫ3 Å Ϫ2 . The full squares represent the lowest salt concentration for which depletion is detected. The least-mean-square fit to the data points gives a straight line with slope of 0.69Ϯ0.02. The figure shows that the numerical results agree with a 2/3 power law as predicted in Sec. IV A, c salt * ϳ f 2/3 . In ͑b͒ the crossover diagram is calculated numerically in the (͉/e͉,c salt ) parameter plane on a log-log scale, while f is fixed to be f ϭ0. . of slope 1.0 in both Figs. 8͑a͒ and 8͑b͒ plotted on a log-log scale. Namely, c salt * ϳ f for fixed y s , and c salt * ϳy s for fixed f .
These scaling forms of c salt * at the transition can be explained using the simplified scaling arguments introduced in Sec. III.
A. Scaling for the fixed surface charge
If the blobs are taken as charged spheres, the mere existence of an adsorption process requires that the attraction of the monomers to the surface persists for all charges up to distances D from the charged surface. For high ionic strength solutions, the electrostatic potential at distance x for a charged surface can be approximated by the linearized Debye-Hückel potential,
This is valid as long as the potential is low enough, yр1. The adsorption picture requires that the exponential decay of the potential will not vary substantially inside a region of size D comparable to the size of surface blobs, y(D)Ӎy s . Then, the exponential decay in Eq. ͑23͒ yields
DϽ1. ͑24͒
Namely, the Debye-Hückel screening length is smaller than the adsorption layer thickness, D. Using Eq. ͑12͒ this yields
.
͑25͒
The crossover between adsorption and depletion will occur when c salt * Ӎ(
, in accord with Refs. 6, 7, 12, and with the numerical results discussed above and presented in Fig. 7 .
B. Scaling for the fixed surface potential
For the boundary condition, ϭ s , the potential decay from the surface can be approximated to be y͑x ͒ϭy s e
Ϫx

͑26͒
and the same consideration as in Eqs. ͑24͒ and ͑25͒ gives
Namely, we expect an adsorption-depletion transition to occur for c salt *
2 ), in the case of a fixed surface potential. This supports the numerical results as presented in Fig. 8 .
V. DISCUSSION
We have presented numerical calculations of the meanfield equations describing the adsorption of PE chains onto charged surfaces, including multichain interactions. The main finding is the existence of an adsorption-depletion transition in the presence of added salt or weakly charged chains. The numerical results are discussed in terms of simple scaling arguments describing the adsorption of PEs. The salt concentration at the adsorption-depletion transition scales like c salt * ϳ f ͉y s ͉ for the fixed surface potential and c salt * ϳ( f ) 2/3 for the fixed surface charge density. Within the scaling picture, the condition for depletion is the same as for a single chain, in agreement with our mean-field solutions.
We briefly summarize the main approximations of our mean-field and scaling results. A nonadsorbing surface is used as the polymer boundary condition. However, if the surface has a strong nonelectrostatic affinity for the PE chains, the electrostatic contribution does not have to be the FIG. 8 . Numerically calculated crossover diagram on a log-log scale for constant surface potential conditions. Notations and symbols are the same as in Fig.  6 . In ͑a͒ the ( f ,c salt ) parameter plane is presented for constant y s ϭϪ1.0. The least-mean-square fit has a slope of 1.00Ϯ0.02, in excellent agreement with the scaling arguments, c salt * ϳ f . In ͑b͒ the (͉y s ͉,c salt ) parameter plane is presented, for constant f ϭ0.1. The least-mean-square fit has a slope of 1.04Ϯ0.02, in agreement with scaling arguments, c salt * ϳ͉y s ͉.
dominant one. The method also assumes Gaussian blobs within mean-field theory. In a more refined theory, excluded volume interactions as well as lateral correlation in the blobblob interactions will alter the adsorption behavior. When the surface charge ͑or potential͒ is high enough, the blob size D can become comparable with the monomer size a, and the PE chains will lay flat on the surface. Further investigations might be necessary to address the above points in more detail. It will also be interesting to extend our results to geometries other than the planar charged surface.
Several authors have addressed the problem of adsorption onto surfaces either of a single chain 11 or multiple chains 12 using similar arguments of blobs. In another approach, a Flory-type free energy 8 was introduced using the assumption of a single characteristic length scale. The latter gave adsorption-layer scaling laws as in Eqs. ͑17͒ and ͑20͒, but did not find the depletion criterion. Instead, an adsorption length scale and a characteristic concentration were predicted for the high-salt regime. We show here, using both numerical calculations and scaling arguments, that the high-salt regime does not exist because it is pre-empted by a PE depletion.
